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floor.
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the top and separate sheets must be stapled together.

Marks out of 100 are shown in square brackets after each question number.

1. [20] For each of the following linear maps, write down the matrix 4 of the map with respect to
the standard bases for the domain and codomain:

a) a: 2 - R, Oc(xl,xz) =2x,-3x,

(b) o: ZFS — IFS, Oc(xl, Xy x3) = (xl,xl +x, X, +x, +x3);
(c) oo: B — 3, Xy, Xpy X3) = (X X3, X3 +xp, 4 +x3);3
(d) o R — R, o

V Solution

Mapping the standard basis means setting each coordinate to 1 in turn, with all other coordinates
set to 0, and the result is immediately a column of the matrix of the map, e.g. for (a) first column

is (1, 0) =2 and second column is (0, 1) =-3.

Xy, xz) = (xl + Xy, X Xy, O).

100 011 11
@A=[2 3| ®m4=|1 10 @©4=|101 | @4=|1 -
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> Maple Solution

2. [30] State, with brief justification, which of the maps in Question 1 is an isomorphism and for
each of these maps construct its inverse map. Hence write down the matrix B of the inverse map
with respect to the standard bases and calculate the matrix products 4 B and B 4.

YV Sotution

For a map to be an isomorphism, the dimensions of its domain and codomain must be the same
and hence the matrix must be square, which rules out (a) and (d). Claim that (b) and (c) are
isomorphisms.

_1 .
(b) Let Ot(xl, X5, x3) = (yl,yz, y3), so that (xl, X5, x3) =Q (yl, Vo y3). Solving

Oc(xl, X,, x3) = (xl, X, X, x; + X, +x3) = (yl,yz, y3) forx,, x,, x; gives

-1
X)=Vp X =Yy typ Xy =y tyyover F . Hence oo (yy, 1y, ¥3) = (¥, +3p, 3 +3,). Therefore

100 100 100 100
B=|110|[A=|11 0 [fromQlso4dB=|0 1 0 |andBA=|0 1 0 over[Fz.
011 111 001 001




_l .
(c) Let oc(xl, X5, x3) = (yl,yz, y3), so that (xl, X5, x3) =Q (yl,yz, y3). Solving

(x(xl, X5, x3) = (xz +x3, %3 +x, X, -I-xz) = (yl,yz, y3) forx,, x,, x; gives

1 1 1
4= (TR Tr). %= (M tys). =5 (01 T),7);). Hence

-1 1
O (Y2 d3) =5 (Pt 5017, T30 +,7);). Therefore

S U
2 2 011 1 00 100
B = % —% % .A=11 01 [fromQlso4B=| 0 1 0 [andBA=|0 1 0 |
111 1 10 001 001
2 2 2
> Maple Solution

3. [20] For each of the isomorphisms
(@) a: 2 - K2 o (xp, Xy ) = (X X7)s

. -1 . . .
construct the inverse map o , then write down the matrix 4 of the map o and the matrix B of the

. -1 . . . .
inverse map . with respect to the standard bases for the domain and codomain and verify that
A B =B A =1 where [is the identity matrix.

YV Sotution
. . , -1
(a) The effect of o is to reverse the coordinates so obviously o must also reverse the

coordinates in order to undo o. Therefore oc_l (xl, x2) = (xz, X, ) For formally, solving
. ) -1
Oc(xl, xz) = (xz, xl) = (yl,yz) forx,, x, gives x,=y,, x, =y, 1.c. o (yl,yz) = (xl, xz) = (yz, yl).

Hence 4 = and B= and BA=

1
,S0A B=
0 01

(b) Solving o(x), x,, x3) = (xl + 2 X, + x5, x5, xz) = (¥ ¥ »3) forx,, x,, x; gives

1 1 1 1 .
=W SN T S N NTYe Ty, Tt S e

-1 1 1 1 |
o (Vpyprs) = ( VT ST e T, » T gyl)-

1 21 11 2 1 00 1 00
Henced=|1 0 -1 andBZ% 0 0 2 [,soAdB=|01 0 |andBA=|01 0 |.
010 I -1 2 001 001
> Maple Solution

4. [30] You may assume the rules of matrix transposition as given in the lecture notes.

(a) Write down a simple 2 x 3 matrix 4 with integer elements. Compute its transpose A", Choose a
small integer k and compute B = kAA" and C=kA"A. Show explicitly that B"=Band C"=C. Prove
that if 4 is any matrix over a field i £ € Kand B= kAA" then B” =B.



(b) Leta, b, c,d, k € Kand let 4 = . Compute B = k(A4 + AT) and show explicitly that

c

BT =B. Prove that if 4 is any square matrix over a field i £k € Kand B = k(4 + AT) then B! = B.

a4y
(c)Letd = ,BZ[ b, b, ]be matrices over a field . Show explicitly that (4B)” = B'4" and
a4
(BA)T=4"BT.
V Sotution
1 2
123 .
(a) For example, letA = and letk=3. Thend = 2 0 |
3 -1
-
12 3 14 -1 42 3
B=3 2 0 |=3 = and
2 0 -1 | -1 5 -3 15
1 2 521 15 6 3
1 2 3 T 42 3
cC=3120 =324 6 |=| 6 12 18 |. SoB = =B and
20 -1 3 15
3 -1 1 6 7 3 18 21
15 6 3
c’=| 6 12 18 |=C
3 18 21
T T
In general, if B = kAA” then B' = (kdad”") =k (47) 4" =kad" = B.
a b a c 2ka k(b +c)
(b) A= = B=k(4+4") =k = =B
c d c d b d k(b+c¢) 2kd
T
In general, if B=k(A4 +A") then B" = (k(4 + 4")) =k(4" +4) =B.
T
a4y p a,b, ab, a,by apb,
(c)Ifd = ,B=[ b, b, ]then (4B) = = and
) aby ab, a,b, ab,
b, ab, ayb,
BAT = [al a, |= s0 (4B)T =B"4":
b, aby ab,
(BA)T = (albl + aZbZ)T =ab, + a,b, since a scalar of 1 x 1 matrix transposes to itself and
b, |
ATBTz[al az] o | by abyso (BA) =4"B".
2
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